AL A A L LA Rk L TR O A I B DR T L

mu‘.'q"\."'" YERL Lt p A A Al Sl KARLA e A B e 28 Y AR K e L S L S | A 6 b M R
a5 4 AR AR RER LU A ALY ) bt

AR N

v

hLY I
@ RO

.M xing in Billow Turbulence and Stratospheru &
_Eddy Diffusion A S i~
LB :

TSN

Approved for publie releass; distribution unlimited.

(—u
w
AERONOMY DIVISION PROJECT] 6687 { @_j

AIR FORCE GEOPHYSIC BORATORY

HANSCOM AFB, MASSACHUSETTS 01701

—

FILE COPY

n
L

uDi

! AIR FORCE SYSTEMS COMMAND, USAF

9959 578

vy
L. Lt
ST A P L i et AT LT e O Y N T "
AT e e L A )

. . t ;
it g K
. : . - . Wl e oh b M S BY S g b e M ey
T o T O A a0 I S T o 8 <Dt 103 2L S MBI ¢ o T B2 J;y R VTPV BRI, WO g, v 10| A GAR e L RIIRE




THIS DOCUMENT
QUALITY AVAILABLE. TI

IS

BEST
COPY

FURNISHED TO DTIC CONTAINED

A SIGNIFICANT NUMBER OF

PAGES  WHICH

REPRODUCE LEG

DO
LY.

NOT



Thiin voport ius been reviewed by the ESD Information Office (O1) and is.

E
relensable to the National Technical Information Service (NTIS),

This technical report hus been reviewed and
is upproved for publication,

. FOR 'tHE COMMANDER

g;t)m Baiantist

Qualitied requestors may obtnin additional coples from the
PDefense Dooumentstion Centers All others should apply to the _;

National 'l'echntonl Information SBervive,

i i e 25l e M 3 e ¢ "o L

romenlh e

13
s
e




P e

T L

=

e -

=

i o o i s o R G o

Unclansified

SECURITY CLASHIFICATION OF THIS ®AGT (When Deia Entered)

REPORT DOCUMENTATION PAGE

READ INETRUCTIONS

e——es e ——————
BEFORE COMPLETING FORM |
S, RECIBIENTTE Eﬁg"u.oi WUMBER

T NTFSRY NUVOYR
AFGL~-TR-79-0091 7

7. 0OVT ACCVIRION HO

A TITLE (and dubiltie)

STRATOSPHERIC EDDY DIFFUSION

MIXING IN BILLOW TURBULENCE AND

1. TYPE OF REPOAT & PERMOD COVERLD
Scientific, Interim.

I. nnronﬂmo ORG, Rlei\' HUMBER
ERP No, 839
T EERTRACY 5K SRR T RN

WEALLLO)

Edmond M, Dewan

' RFO [ MiTATIO! AND Al
Hanscom AFB

Massachusetts 01731

Air Force Geophysics Laboratory (LKD)

T RREI R oD TN NeaRe Tk |

82101F
66870502

v

11, CONTROLULING OFFICE NAME AND ADDRENS

Hanscom AFB
Massachusetts 01731

Alr Force Geophysics Laboratory (LKD‘

st trolling 00)

i, WEPORY DATE
10 April 1870
émm oF PAGES i

Unclaasified

T BIYRIBUYION CYATENERY (al thls Reperi)

Approved for public release; distribution unlimited,

Tr. DISTRIBUTION STAYRMENT (a/ the ahotral sntorod in Block 30, It dittorent om Report)

T6. SUPPLEWENTARY NOTES

9. KEY WOROS (Coniinue e toverss aide Il nesessay i identity by binak number)

Turbulence Billows Mixing
Strutified turbulence Kelvin-Helmholtz
Stratospheric transport Instability

Stratospheric residence time  Atmospheric physics
Pollution Fluid dynamics
3 RACT (Continue on roveras aide Il necsssary and idontily by bleek number)

norder to estimate the rate of ver?fcal transport due to turbulerce in the
utratosphere, it is necessary to know the degree of mixing that takes place in
"Kelvin-Helmholtz billow events.” This Is eatimated by means of a discrete
model and the results are compared with dpubulhed sxperimental observations.
From these considerations it is concluded that a very lurge degree of mixing
probably takes place in such events, and that, therefore, one must use the rela
tion between the hulk vertical eddy diffusivity and layer diffusivity originally
proposed by Rosenberg and Dewan instead of the simple one usually employed,

DD I3%"% 1473 Unclassified
SKCURITY CLAIFIGATION OF THIS BAGE /Whan Dats Fatered)

EDITION OF | NOV 48 |4 ONSOLETE

I RSN SRV NPT




AECURITY CLASBIFICATION QF THIS PAGR(When Date Entered)

.
X1
"
l{\
. E
o
b .
o
[ E
i
i
A
i

SECURITY CLASSIFICATION OF THIS Plﬂlfﬁm Data Enlered)

)
!
4
!‘
{

P YT ey T T v T
. f .

PR TR ALY AT AT o aai SV




A0Sy i

B R 2 O Y A L TR T A IR W

Preface |

I wish to thank Dr. Earl Good and Dr, Antonio Quesada for thelr many helpful
comments on the original draft of this manuscript. i

padetaint

mx
Lo aeunoed
t A LSy )f‘n.ticnw-—"-'

\ r 7__.u.----""‘""""‘——- '»]
Lt AT A0) T A, )
' [YUS \_'\n\\)'ﬂ\l_ggg\}.!——-"

- pyailand/oF j
3
\Di o

ot I

e am

v
L .o RN VTS T A TR e T |

VAREOFIRENY WU T AT A R

Wit S bkt vt bt b b e e N AL Y "‘Jdink...\u TR




& /
o
™
L
S 1. INTRODUCTION
o 2. SIMPLE MODEL FOR MIXING IN A TURBULENT LAYER
vy 2.1 Definltion of K
“ 2,2 Initial Fluctuut]l‘on Velocity
» 2,3 Estimation of Dissipation Rate und Velocity Decay Rate
‘ 2.4 Estimation of the Krosion of § and N and the Time
4 Dependence of 4
: 2,6 A Simple Mecdel for Mixing
: 3, STABILITY AND MIXING
i‘ 3.1 Stability
f 3,2 Degree of Molecular Mixing
i 4, EXPERIMENTAL MEASUREMEN'TS IN THE LABORATORY,
OCEAN, AND ATMOSPHERE
" ; 4,1 Laboratory und Oceuanic Observations
N 4.2 Atmospheric Obaervationa
o
f‘ ‘ 5, CONCLUSION
v REFERENCES
c APPENDIX A;  Program for Model (HP-25)
1
Y
\
:',

B L e

b bty o e S i s S e e e e e

Contents

10
12

138
16

17
17

25

26
27

27
29

31

Fp————-— ]

B D S

e el




:’dr.‘?ﬂ

b
f
lustrations
1. Parcel Exchange Dlugram for Billow Energy Budget 11
2. Initial Density, Potential Temperature or Velouity Profile 14
{ 3. Profile of Mean Quantities us u Function of Time 15
4, Model for Mixing: Flow Chart 19
P

( | ' Tables

1. Estimation of Irreveraible Mixing 25
2, Parameters Assoclated With Mixing 26

D ST T e TR B e A et T S AN ", ST
P : - o i b g i e

-y
i

B T T

T




z

R TR T R S AL T e et

A, -

T

2
T

2

A

T s smzmr

ptutc

Mixing in Billow Turbulence and
Stratospheric Eddy Diffusion

1. INTRODUCTION

The value of the vertical eddy diffusion coefficient, KO. which degeribes the
trangport cffccts of small scale turbulence, ie at present controversial for the case
of the stratospheore, Two relutionsh&psfhave been proposded that relute bulk K e to
the fynction of fluid that is turbulert, P*, as mensured ulong u given representative
length of the strautosphere, One of these, which was first reported by Rosenberg

and Dtamm.1 is

K = P):(;‘T (1)

e Eﬂft 4

wher'e? is of the averagesquure of L, and L, is defined as the vertical distance
upwards from a given altitude (sssumed located somewhere within a turbulent layer)
to the top of the layer. As shown in Rosenberg and Dewan’ and Dewan, ¢ the maaner
in which L is calculnted yields u value of L that would be somewhat less than one half
the thickness of the turbulent layers on uverage, Hosenberg and Dewanl glveu

( Received for publication 9 April 1878)

1. Rosenberg, N,W,, und Dewan, 15, M, (1978) Stratospheriec Turbulence and
Vertical Effective Diffusion Coefficients, ATCRL-THR-7T5- , O19708,

2. Dewan, E, M, (1079) Katimate of Verticul Eddy Diffusion Due to Turbulent
Layers inh the Stratosphere, AFGL-TR-7D-004%,
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the general background und derivation of Eq. (1) while Dewan2 discugses muny de-
tails and subtle po}nts omitted in earlier papers. The term Atg g the duration of
the time frame of the mode! developed in the works cited above and its value is es-
timated to be approximately 1500 sec. The other relation, which is used by Woods
and thoya and Lilly4 is given by

Ky = K, P (2) E

3 where KL designates the avzerugc eddy diffusivity within the turbulent layers,
- It wus shown in Dewan® that liqs, (1) and (2) represent two extreme cases that s
' result from the 'vertical stuck' model for vertical transport in stratified fluids with

intermittent lnyers, It was shown there that Eq. (1) {8 valid when

4 ¢ .
KL.AtM>>;‘-2 LY, (3)

where MM is the mixing time which is of order at, (a8 demonstrated in Dewan)z.
1g. (2) is valid when

4 7T
Ky, Aty <<=y L7, (4)

In Dewan, d experimental evidence 18 cited in support of the condition Eq. (3).
The purpoye of this report ls to examine this question theoretically, It will be con-
cluded that, for the case of the stratosphere, the model for mixing developed here
supports condition Ig, (8),

2. SIMPLE MODEL FOR MIXING IN A TURBULENT LAYFR

The turbulence ta be found in the stratosphere is primurily due to the Kelvin-
Helmholtz (K=H) shear instability in the context of stable stratification, The pur-
pose of this dectlon {5 to derive a model for the mixing due to this instability in
order to eatimate the value of KL AtM or its equivalent, so that it can be compared
to| 4LA/B ],

3. Woods, J.D., and Wiley, K, L. {1972} Billow turbulence and ocean micro-
structure, Decp Sca Regearch and Oceaniec Abst, 10:87-121,

e
4, Lilly, D/K., Waco, 1, K,, and Adelfung, 5.1, (1875) Stratospheric mixing
cstimated from high-altitude turbulence measurements by using energy

hudget tochniques, The Natural Stratosphere of 1074, CIAP Monogtraph I,
I'tnul Report, DOLTTRT-T5-51, pp. U-BT to T-10,
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2.1 Definition of Ky,

KL ia of course not conatant in time in the case of billow turbulence, In con=
trast to boundary layer turbulence, a billow cannot be described by "steady-state"
conditions, Instead it consists of a turbulent breakdown followed by a decay,
The terra KL AtM s, therefore, somewhat vague, and for purposes of calculation
we gharpen its meaning by defining

[ ]

KP aty = [ K, @ al, (5)

4y
g,;

where K(I,, is the initial eddy diffusivity subsequent to breakdown, and K, {t)ia the

time dependent value of K; . Henceforth Eq. (8) or it's "finite difference equivalent" :

will be used in place of "Kﬁ Aty " '
KL (t) is defined here aa

KL {t)= ud ’ (6)

%:' : where u is the turbulent fluctuation velocity, that is, the root mean square deviation i
\ i fromthe meanvelocity, and 4 is o representative length acale for the energy contain-
: ing eddya {(compare Tennekes and Lumlcyb. pp 44-47, and anuilla). We ghall
K. assume that both £ and u can depend upon time, The decay of u is due to viscous
) disaipation from small scale motlon ai the small end of the wave number spectrum
cascade,
To define §, we conaider two plausible poasibilities: The first is (see Tennekes
and Lumleyb. pp. 48 and 82)

tw g, n 1
where S is the vertical shear of the horizontal mean velocity. The other ia

2R-F (8)
where N i8 the buoyancy frequency. KEq. (8) follows from energy considerations to

be described below, In the development of our model below we will choose Eq. (7)
for . This will be done In order to get a lowar limit estimate of the degree of mixing,

7Thin integral converges when dud account is taken of viscosity.

5. ‘Tennekes, H,, and Lumley, J. L. (1872) A First Course in Turbulence, MIT
Preas, Cambridge, Massachusetta,

6. Pasquill, F. (10862) Atmospheric Diffusion, Van Nostrand Co., Lid,
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e Next we consider the mixing cffects of h (t) upon itself through crosjon of the
™ meun profiles of temperature und velocity withln the mixing luyer as the turbulence
mixes materiul within the luyers; this mixing will decrease the slope of meun
quantities with respect to the vertical coordinate Z, This would, by definition,
decrease the values of 5 aund N, This in turn would (from ligs, (7) und (8) cuuse &
to become larger and in turn, from kg, (8), tend to increuse KL (t). 'The maximum
value of 4 (vertically) is the layer thickness; thorefore, if at the sturt £ has this

' value, thon erosion effects will not lengthen it,

;, ' The vulue of u decreases monotonically ns turbulence decays, This will cause
: KL {t) to tend to decrease in Ltime, as will be shown below: however, if L increases

! or remains constant, then [ K L, () dt can agsume much larger values than

. 4 ?)/” (unless, s willb& shown, L. is quite small), It will he shown that, in

vl this way, stratospheric mixing due to billow events I8 probably very large within
the layers and that therefore kq, (3) holds,

i 2.2 Initisl Fluetustion Velocity

| The initial fluctuntion or rma veloeity, U is defined as the velocity of turbu-
: lont motion immediately after the K-H instability breaks down, It will depend upon
the Richardson number, which is defined as

“1*%(%’62)(%’%)-2' (9)

i where g is gravitational accelerution, @ the average potential temperature over ¢

8 ' gcale us large as the entire luyer, und ¢ is the mean potential temperature ug a

g funstion of height, 4. AU is the difference in meun horizontal velocity ucross the

: layer, und AZ is the layer thickness., Thig quantity, us defined by Lig, (8), is
sometimes called the "luyer Richardgon number,"
To estimate u; we employ u simple cnergy budget approach thut {8 bused upon

the work of Husmgex'7 and Ludlam, 8 Migure 1 schemuaticully depicts the situation
The luyer of thickness, AZ, has a sheur, 5, ucrods it, Since S = AU/AZ, AU =84AZ,
We now esgtimate availability of kinetic cnergy of this configuration, lor conven-
fence we define 3 U = AU/2 und 82 = AZ/2, lict T be the mean horizontal veloclty
of the fluid in the center of the layer just prior to breakdown, We now cualeulute the

| kinetic energy muade available by the exchange of the four parcels us indicated in

' 7. Businger, J.A. (1960) On the energy supply of clear sir turbulence, in Clear
Alr Turbulence and its Detection, edited by Y, H, Puo and A, Goldberg,

2 Plenim Dress, Now York, ppe 100-108,

i

; . #, Ludlam, I°, 1, (1967) haracteristics of billow clouds and their relation to
Yo clenr aiv turbulence, Quart, J. Koy, Sve, 9}2;419-435.
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ghff“'." Iigure 1 (two parcels being locuted at the center, und the other two on opposite
{ houndaries of the layer), The resulting available fluctuation kinetic energy (per
f unit mass), KE, would thus be

1 2 ) ¥

Kii =g |[(T+8U° + (T - 87 - 2T

£ 2 s%ap’

.2 =243U =._2.:_. (10)
X

Wiy

b

O o |

g

S ’

Y A L AU.A‘

b 2

£

kiU

H‘C‘

l:;. Yy ©

‘ ’ Figure 1, Parcel Exchange Diagram for Billow
o Energy Budget

To caleulate the potentiul energy chunge (per unit mass), PLE, caused by the
process of displucing the four purcels in I'igure 1, we assume that the stuble
temperature profile 18 not altered significantly by this exchange., We calculate the
work per unit mass neoded to move one of these purcels u distance 8 Z ugainst the
buoyance force, This is8 given by

ey

: d§ b= 2822 '
. 6 b 3t 282
i %HZ'J 47da = N =y (1)
where ‘
N K 4T (12) ‘

which i8 the square of the buoyancy frequency, N, Pour purcels thus require four
times the work in Eq. (11); therefore,

2 . .2
pr o N 027 (13)

e »)

L . ;
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2,

These results allow an estimate of Uy Subtracting PE from KE we arrive at
the total remaining available kinetic energy that can give rise to turbulent velocity
fluctuations, The latter will be 3 (ul) /2 if we assume lsotropy. Thus

. 2
% ulz = -‘ézz.l— (S2 - Nz) , (14)
» hence
1- R1
ul=SAZ_—-5—-. (18)
where
r» N¥s?,

2.3 Estnastion of Dimipstion Rate and Velocity
Decay Rate

Having an eatimate for u, we now estimate u ag a function of time. This is
needed, of course, in order to estimate KL as a function of time from Eg, (8), As
shown by Eqa. (7) and (8), there is an interrelation between 4 and u, To simplify
this complication we shall divide the time into finite epochs during which £ can be
considered ae constant, During one of these epochs wc shall also asaume that S
and N avre constant. The duration of a particular epoch will be taken as the charac-
teristic time for the fluctuation motion given (from dimenalonal analysis) by

A= by, (18) }'

where £ and u are the values at the start of the epoch under consideration,
Nest we employ the well known relation between the dissipation rate, ¢, and
the velocity and length scales glven by

3 ;

e = 5 (1) '
From ti.ls, one can calculate decay from )
PR

adudy o
- T (18) .

Thus, in order to calculate the decrease in u in the time interval &t, we integrate
the separable Fq, (18) and obtain
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Tl-:--—= -3-1-. (19,

where w and uf are the initial and final fluctuation velocities of the epoch At (com-
pare Dewan) Using Eq, (18) for At (u = u in that equation), we have

3
=Yy (20)
We shall use this relation below for an iterated sequence of epochs,

2.4 Estimation of the Erosion of S and N and the Time
Dependence of £
We now exainine the erosion of mean temperature and mean horizontal velocity
profiles caused by turbulent mixing, For generality we shall employ the symbol
¥(2) to stand for eithe) the mean temperature profile 8 (2) or the mean horizontal
velocity profile U(2), I'igure 2 shows our assumed linear initial profile ¥(Z) within
the layer. Denoting the layer thickness by A ,T letting 2 = 0 at the bottom of the

layer and letting \l‘o be the value of ¥ at the top of the layer with ¥ = 0 at the bottom
for convenience, we have

WOZ
=S (21)

Both 6 (Z) and U(Z) within the layer obey the diffusion equation during mixing
(ngsuming KL constant within the layer), Thus,

32 v

K (22)
L ;2% "Bt

While this is clearly reasonable for@ (4), one may wish to consult Batchelorw. pp.
186-189, for the case of U(4), The initiul conditions for Eq. (22) in the region
o0 <4 <A is given by Eq. (21). The boundary condition will be taken as

g‘% z:0,A=0" (23)

1'Fox‘merly denoted by AZ.

9. Dewan, E. M. (1976) Theoretical Explanation of Spectral Slopes in Stratos heric
Turbulence Data and Implications Tor Vertlcal Transpo

AD AQ 36307, '
10, Batchelor, G.K. (1087) An Introduction to Fluid Dynamics, Cambridge Univ,
Press,
13
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i Figure 2, Initial Density, 5
: Potential Temperature, or g

. Velocity Profile ?
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i o

" d s

. L
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This condition represents the agsumption that the boundarieas of the layer are to bhe \.'.:,

I regarded as perfectly insulated. The observations of Woods and Wiley for the )

‘ ocean lend some support to this agsumption, snd it would presumably hold to an !

i even greater degree for the atmosphere (dec Section 4, 2 below), ;

1 The stundard methods for solving this problem, using Fourier series, lead to X
[ '
o - - Ky i/ mP
1 . 1 4 T . o
‘E ‘I‘(/ut) = ‘l‘o -—2- z. B—(zn-)- Cos (ﬂ%}.ﬁ) . (24) ;
L 1 n=l n Lot
: where g (n) = -1 for odd values of n und zero for even values, Due to the rapid.decay :

] [

, of the higher harmonies and rapid convergence of the serles, we nced consider only ;

the dominunt, first term. Thus
N C a2
, 1 4 -1’ _“\l‘(“/l‘) )
ZURE NS R () e . (25)
Figure § shows ¥(4, O) us well as ¥ (4, t) during diffusion. ligure 4 is only a :
l schematic, not a4 mathemautical graph, Next we wish to use lig, (25) to determine -
Sor N2 a8 u function of time, Since the latter quuntities are proportional to
1 8w /82, we estimate a representative value of 8% /84 by joining the end points of
' V(Z, t)at 2 = Oand Z = A as indlcated in tigure 3. Thus,
. B . W4, t) = V(o) 1) .
| 57 7 . (26) .
|
!
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-
V\\'_!J.m. L0 e 0 o bl A a5 A e e N T v v st birlbbinion ananisg!ind




TR A SR T
T M ST = T
-
-+

SR B A T

Vob == mmm o e e

< e

Figure 3, Profile of Mean
Quantities as a Function
of Time

Pl ————— e ———— ]

From g, (21h
v - K mn?

g.“‘zk‘-h(-gg-).f!e (2m

The conatant (8/n2) = 0,811; however, we shall approximate it by unity in order to
obtain the correct slope for t = O at the beginning of the first epoch, and fort = At:

¥, =K (@ 02 Aty

oy o
TZ|t=at ~ T © . (28)
Thus
2
- 1K, (! 0)¢ At)
N @At a N? (o) ¢ L (209)
~ K, (M) M2 at)
S (At) =S (o) e . (20b)

We could now estimate the decay of N2 or S from epoch to epoch on the buais
of Bq, (20), Before doing so we first derive Eq. (8) from energy considerations,
F'rom this point on, u will refer to the isotropic velocity, but for the present pur-
pose we will consider it to be in the vertical direction. Let W represent the work
done by a vertlcally moving parcel as it goes from its initial equilibrium position
to a point located vertically a digtance 4 away, Then

18
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¥ ’ ?
iy w= [ pnNzaz w2HLE (30)
o

where p is the density of the fluid, Equating W to the kinetic energy of the purcel,

18

v 2 2,2 .
A £y N b (31)
Ui ; Hence,
ol b g (32)
The important point to notice about this relation i that as u decays, N could de-
} crease at such a rate that 4 remains conatant or even increases ln time, This
'. consideration upplies to ¥ defined by Eq. (7) as well,
SR 2.3 A Simple Mode! for Mixing
‘ ‘ f It is now posaible to set up u flow chart for a discrete time or "finite diffurence”
" ; model for mixing that employs all of the above obuervations, so us to give K, asa
C function of time.
. Let 41, ups Npo 81, und K, be the initial values of the respective varlublos,
L We huve here suppressed the subscript L in K, « lrom previous considerations
S we have
L
£y = /N (33 |
from Eq. (32), where N, could be replaced by Sl’
i- R1 .
Uy« [~ 84 - (34)
from Eq, (18);
Kl = 11 Uy 35 ‘3
i
from Eq, (8), and ]
;
aty = 4y/u) (36) :
N
from Eq. (18),
i
4
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To calculate the effect of eroaion of N, or S, in one time step, Eq. (35) gives

N

n+t 1 7
—Nr = (!Xp('!KnAtn Kz). (37)

where the vilue n = 1 designates the initial step and the factor -é» in the exponent
would be absent in the case of Sn+1/sn’ Subsequent epochs would be indicated by
successive integral values of n, From Eqs., (20), (8), (6), and (16) we obtain the
following relations bestween contiguous epochs;

Yner T %un

Ypet = Une1/Npuy

Knel ™ Ypet ‘nﬂ a8
At ™ “n*llunrl ‘

Equation (37) completes this set, Before setting up the flow chart for this model,
it ia useful to put Eq, (38) into dimensionless form. We use N, and A as the repre-
sontative scales and make the following definitions;

up  ® U /(N

N, ® N/N

by o kA (39)
K w K /NP

¢
Atn L Nlan »

where, in the last equation of this set, we replaced £ by its value given in g, (38)
(compare with Eq. (36)),

3. STABILITY AND MIXING

Our objective is to use the ubove model to uscertain when the criteria, kqs,
(3) and (4), are valid, When this is done, the degree of molecular mixing will be
considered,

8.1 Stability

We now consider the stability of the model given by Eqgs, (348) and (37), In
order to arrive at a congervative estimate of what layer thickness und Rl gives rise

17
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to effectively total mixing, we reconsider the model in view of the ambiguity of
using either 3 or N in the definition of £, and redesign it to contain the most con-
servative aspecta of both approaches.

For example, Eq, (29) givea us

b}
Ny =N, exp[-§x1 (%) At] (40)
and

1\2
5= 5, e_xp[-Kx(-‘-\-) At]. (41)

In Eq. (41) the erosion could be cignificantly faster than in Eq. (40) due to the fact
that the absolute value of the negative exponent is twice as large. To be conserva-
tive we therefore choose the milder eromion rate given by Eq, (40) (N is an inverse
time scale), On the other hand, conaider the case where R, = 0, 28 (the threshold
for turbulence in most cases), and compare the values of £ 1 the initial scale
length, for the two definitions of &:

uy AS[ 1-R‘ I‘R;

tl‘NTH'—NT- —-s—-—l A WIA . (42)
u lnR

‘lugi—: I\ -T-—LIQ; (43)

I'hug, in the case of 1iq. (43) the initial mixing would be leas than that for the case
of iq. (42) in view of the fact that K, is the product of u, and ‘1 in Eq. (35), Hgqua=-
tion (43) i, therefore, the more conservative for our purposes. Finally, we must
choose hetween two definitions of Atn: Atn could be given by either Sﬂ"l of Nn'l.
We seek the most conservative value that by definition, would give the amall-
est value for (Kn Atn) in the exponent of Eq. (37). Since § >N for Rl <1, and since
we shall only be Interested In the range 0 < R <1 (stratified turbulence ia limited
to this range), it follows that the most appropriate value of Mn la

At = 1/8 ., (44)

b
s,'\ & N'll (48)

and
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Atn & T (46)
n
The flow chart that makes usce of the congcervative cholce ubove and the non-dimen-
slonal notation is given in Iigure 4.T Appendix A gives a hand caleulator program
bused on Figure 4 and designed for the 11225,
o INITIALIZATION 2
’ ’
F‘” ' Atn n IISn )
b
g;sa X S j
A n+1 ) r_2 :
[ S5 mow {- g K a0t
v h :
i !
i‘“* ' ’ '
e Uy = (3/4) up Sl"' = :
T R i
A { A i
o byt ol
A n+ 1 = Ynet /bn+ 1
) 1 i
o ]
. ot ’ “/‘
S e TS ;
B : Iigure 4, Model for Mixing: 4
b % Flow Chart :
i .
i |
;" E ‘ A ‘ :
3 Kiet Sty k
DISPLAY SUM WITIL i
| : VALUE OF n :
: j
t - n |
- This program displays the value of z k! 1é)l'ur each value of n (that is, each }
} iteration), ‘I'his quantity should be n=1 multiplied by I\z to obtain the diimensional !
A value, /
F !
B 19 ‘
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Experiments with the hand caleulutor program showed that if initial Rl wore
s;‘nall cnough to cause 4 to grow from epoch to e¢poch, then tnevitably
(2; K!" Atr") would grow indefinitely. In the program, £ was replaced by the upper

n=1
bound & when the calculuted value of £ was equal to or lurger than A (that is, when

£'2 (1 thent’ = 1. It was found experimentally that this instability, which caused
4 to grow, oucurred.when Ri % 0,828, Of courae, it is also useful to derive this
result from analysis,

To obtuin this result algebralcally, we firat prove the statement that if ¢ re-
mains a constant, then

n
Limit & K't/ e, 4"
new pej NN

Using liq. (44) for At, Kaq. (38) for ln and K'n' 18q. (39) for the non-dimensaional
values, Eq. (47) cun be written

S AL noogut\% n
Lim | 2 : = lim | 2 (-ql,‘-) = lim 2 (l;)z , (48)
nw LY‘.JI “n n®® | n=1\"n n¥e  nai

n
and for ﬂn = constunt, the sum becomes cquulto u constant X Z and, hence, is
nri
unbounded as n becomesd arbitrarily large. To find the erucial value of Rl we

therefore examine succesdive vuluos of ‘n‘ In particular, we consider the ratio
Using z"\ n uf’\/sr'land Eq, (40) for 8 (where N is replaced by S,) #o that

(nondimensionally)
2
ot ot _ N
Spe1 = Spexp (- B KAt (49)
-\
we find '
8! 2 w' 18t oon f g ?
(r_.yﬂ) - (*‘*75'—"31 n*l) =(§\ oxp a2 4 B, (50) |
n n n J B
KU
(Figure 4 also defines theae terms) where we used u, = {(3/4 un) to get Eq. (50). 4
Initial values are B

' 1 - Ri— =v.
by = [—g— (581) /
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S, = (Ri) . (52)

To explore critical behavior we set (l2ll‘)2 = (1 +y) where ¥ is a small number,
Then, from Eq. (§0), forn= 1

(14y) = (%)zexp(nzlla) (53)
thus 2
‘12 . log ,, fz(%) 1+ w)} "

Next we uhall show that if ¥ is positive then (4,/£,) is ulso greater than unity.
Using Eq., (80) withn= 2,

5, \3 2
(5) =(3) era’sd, (559

but, since 323 = lxz (1 + y) and using Eq. (54) for 312. we have

(19-)2- (%)2exp{(1+7)lo¢e[(%)2(14»7)]} R (5;8)

)

Ity =0, (lalll) = 1, Ity in positive it is easy to prove (by simple expansions
that 33 “2 >1, Furthermore, in a similar wanner it can be canily shown thut it
wnun-l] > 1 it follows that lﬂn,llln] >1, By mathematical induction, then, we
have instability if (22/31) > 1, It can also be shown that if (‘2”1) < 1, the value
of ln continues to decrease and one has stability, Thus, settingy = 0in Eq, (54)
and determining the value of Ry (oritlc;nl) from this result (that is, substituting into
Eq. (81) we find that R‘cm = 0,828 QED._ Since R1 < 0,25 is assumed here to

be necessary for the initlation of turbulence, it follows that there will always be an
instability of £ and, hence, total mixing according to this model,

Thorpe“ found vertical velocity fluctuations of ovder (é-sl-") at the start of billow

turbulence in his laboratory. This is smaller than our estimate by a factor of
(\[1.3_)'1. If we used u, = (Aéj-) 1 |nstead of Eq. (18), then R‘CRI'I‘ = 0,478

inateud of 0. 835 and our conclusion concerning mixing remains unchanged.

11. Thorpe, S.A. (1073) Turbulence in stably stratified fluids; A review of labora-

tory experiments. Boundary Layer Met, &:194-119.
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‘;’;:( ' Since the ubove model does not take into uccount the fuct that at late times !
during decay Eq. (18) is not valid, we now consider this effect, We shall assume ’i -
’\ that £ = p throughout the process und estiniate f K{t) dt anulytically, To do so we ;

; shall divide the time into two regimes (cf, Ref. 2).° In the first we shall use l'
e

o K] d 0y 2 "

: L mem (-u Mg LB/ ). (87

The second regime starts when the Reynolds number, Re. reaches the value
of about 10 (Tennekes and Lumley.“" p. 28). At that point, we shall use

2
. f__‘:\.,(fﬂ)__ , (88)

€

For consistency between Eqa, (57) and (84) when R, = 10, C muat be set = 10,
Next we eatimate u us a functfon of time. Integrating Eq. (87} as before, we

:{1., } obtain

: 3 Au1

‘ o (t) = W , (89)
sl

3 where Uy refers to the first phase, In the second phase we obtain

3y, 2 2
d [3) uy L tovyt
%

(80)

Now, defining 4 and £ at the moment when Re = 10, we obtain, by integrating

Eq. (680),

U (t)":l U exp [- ?1’%\-;- (t-f)] . (61)
The values of u and t are obtained from Re [(u A/P)] = 10 and Eq, (88) with Uy taken ‘-‘,
as u. Thus ‘i

i

us -K—m v (82) i

R

1

tn ['ﬁ - F‘-] (3 M. (83) ;

i

Hence |
22 |
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Ry

i

¥ ] © {. w0
;‘,11'»."..» J K(t) dt = J ut) pdt = Af ul dt + A J ugp dt . (64)
g T o ) ) h
i
Thus
°,° ucl
g Kt dt=3p% og A5/ +1( . (65)

where va is the initial Reynolds number l(ul AY/ V). Thus, Kq. (68) is nlways
finite when the final manner of decay is tuken into account {see Kq. (60)},

The next question'r i, what value of A will cause
L]

41?
J Kb dt<<25- (66)
o n

which is the criterion {for small mixing |kq. (4)), In k4. (88) we shall use the
equnlity for definiteness. In that case, using liq, (85) we obtaln (using L AT )

R} |
3 | 10g -5 /+ ! == (87)

Using N = 0, 02255'1. vel,84X 10"4 mzlu (standard utmosphere values at
20 km), R = 0,25 (hence § = 0, 0468"1), und using u, ¥ uy in Eq. (34) we obtain

A= 18,7 em”, (68) )
This is about threo orders of magnitude smuller than the typical values of A re- 1 -f’j
ported by Rogenborg and Dewun1 where values of 1 should be multiplied by 2 or I
morce in order to be to equal A), and Andm‘uonu. Cadet 13 M. and Barat, 16,18 P

Thevefore, if ull mixing were cssentinlly (rreversible, then, from the above results,
ohe could conclude thut a, (1) and not kg, (2) is the correct one to use in the

stratogphoere, We must therefore examine the postulute that a significant amount ;
of moleculur mixing takes ploce, Unless this lutter condition i met, the purcels C
of fluld would migrate hack to thelr stuble oltitudes, t

L] | !

TNote that if one were to arbitvarily set { =, then, before, j K (t) dt would by
0 N 1

unbounded, t finite mokes iy, (68) finite

“Phis would be 22 em {f u AU -r-R-—- woere uged (that iy, using Thorpe's value .
for initinl vertical veloce ﬁy) i

(Becuuse of the number of references mentioned {n the nbove text, they will not be
ligted here. Refor to Reference Page 28, for References 12 through 17,)
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3.2 Degree of Moleculur Mixing

We now wish to establish whether or not molecular mixing is sufficient to
ensure that irreversible mixing tukes place, To muake this estimate we make use
of a suggestion of Koop17 to compare the time scale of the K-H, that is, the '"turn
over time, "' T ¢+ Biven by

-1

To® N7, (60)

to the molecular mixing time, 7T T id roughly the time available for the turbulence

to perform u significant amount of mixing action,
The moleculur mixing time (or diffusion time), 7 D’ is estimated by

TN p /D), (10)

where D {9 the molecular diffusion conutunt und Npis the Kolmogorov microscale
for the cuscade (see Tennakes and L.umley ) lrrcvvrsible mixing will oceur when

T D <<T T To obtain 1) p we employ the viscous microscale given by
3 1/4
v
n = ( e ) ' (71)

where V here must be repluced by D in order to obtainy b D ig obtained from the
P randtl number P " and ¥ by

D& . (72)
k‘
Thus
3 1/4 "
(v -3
1’ l) s (T) lJr . (73>

P =073 for uir {Tennekes and Lumley. and for water P ~ 10 (into),
Vo=, 64 x 107 m /s for the lower utratoarhero (20 km=-U, 8, btandurd Atmos-
phere) , and ¥ = 10~ -0 m /a for water (Hill""), From Eq. (71) we obtain g D
the utmosphere, 1), and water, 1) pw respectively:

18, U,S, Standard Atmosphere, 1876, NASA, USAF, NOAA - §/T 76-1562,
19, Hill, M. N, (1962) The Sea, Intersclence Pub,
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1. 84 X 10 .
nDA 7 (14)

€

6.6 x 1078

Tpw ™ I {(75)
Making use of Table 1 in Thorpe“ we tabulate here, in our Table 1, the values of
¢ that are typical for atmosphere, ocean, and laboratory, Faor large mixing,
Tp<STm Table 1 givea the values of all the relevant quantities, and it can be
seen that in all three cases 7T D/'r g < < 1. This condition holds most strongly for
the came of the atmosphere, Thus, it seems thut irreversible mixing ia assured
in the case of the atmosphere, Thus, Eq, (3) is indeed the valid criterion,

Table 1. Estimation of Irreversible Mixing

Chosen for
Culuululmm f it
B of 7'u . T W
cimd ey i LIPET) Tow Nath phee ut
Laborstory | 8, 8x 10°% a0t ikt m 1x 104 v ket | Laxae!
Ouwan 10°0 0 1078 1077 ix 10t CERURLE EN PRT 14 1x10°?
AMmusphers | (210 a8 % 10 gnd l Boodx 107 m | st | axen? 11 2. 1% 1070

4, EXPERIMENTAL MEASUREMENTS IN THE LABORATORY,
OCEAN, AND ATMOSPHERE

4.1 Laboratory and Oceanic Observations

In Wooda20 there is reported a typicel profile of temperature in the thermo=
cline of the upper ocean. The step-like structures seen there have been attributed
to mixing events that are K-i billows of the type discusscd here, Businger7 dos-
cribes the mixing and spreading process of K-H events and, again, total mixing or
nearly total mixing is assumed to occur within the layer, In view of the analogy

between tho turbulence ih the upper ocean und stratosphers, {t follows that the step-
like structures seen in the former cuse argue for the existence of similar structures

in the potential temperature profile of the strutosphere,

In the case of laboratory meusurements there have been no observations of zero
gradient layers in denasity, Thorpe“ has consistently found an approximately linear

gradient acrods the layer subsequent to breakdown and mixing, The same effect

20, Woods, J.D, (1968) Wave-induced shear instability in the sumrner thermocline;

Jo Kluld, Mech., 34:791-800,
IR e
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{i_!u",.; _ occurs in the observation of Koop. 17 Since, in fact, there seems to be no labora-

R tory observations of the "'steplike' structures (which in turn would indicate total

mixing), it would be desirable to explain the discrepancy,
"_ Certain differences between the luboratory conditions and those found in the
natural environment may explain the apparent contradiction, l'or example, the
experiments of Thorpe and Koop involved two stably superposed fluids that were
homogeneous but differed in denaity across a very narrow interface. The homogen-
eity of the individual fluids would allow & maximum amount of layer spreading to
take place after the onset of turbulence., This gpreading in turn would cause en-
trainment, and the latter might effectively prevent the final temperature or density
profile from resembling a step, The step-like quality is essential in our model,
since, in Section 2 it was assumed that the bounduries of the layer acted ug "insula-
tors" [see Eq, (23)]. It is therefore unfortunate that a mathematical explanation
for the discrepancy between laboratory observations and the oceanic measurements
i8 not yet available.

Table 2 based on Thorpe11 shows the values of thtee other parameters relevant
to mixing, namely, R, the Reynolds number, R, the Rayleigh number, and R;. i
e 1 These are given for laboratory, ocean, and stmosphere, [t can be seen that Re
. ' and Ra are both very large for the case of the atmosphere (in compurison to the
'. other cages), While there seems to be no vlear-cut theory relating these parameters
o to the manner that mixing takes place, there ls nevertheless some indication that
MR one would expect thorough mixing in the atmosphere ('I‘horpo.“ related Ra to
: mixing),

AT tieds zaZ

=S SR

e

Table 2, Parameters Associated With Mixing T

!
R R R, Initial E
Q iy i
T 3 N
Laboratory 1,8 x 10 4,0 X 10 0,05 |
Ocean 10° 1.6 x 107 0. 15
y }
Atmosphere | 6.7 x 107 | 7.5 x 1018 0. 16 ;
i
| |
! i
i
.}
|
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4.2 Atmospheric Observations
Perhaps the mosat relevant measurements for our purpoaes are those of Mantis
and Pcppin“. These consisted of radiosonde vbservations of temperalure profiles
; in the stratosphere and troposphere. Consider the following quotationg from their
i paper:

i "Perhups more important.....,is the observation that both the

stable stratosphere and relatively unstable troposphere
contain numerous shallow layers with near adiabatlic lupse
ratesd,ca0 . ¥

: ++«+vo characteristics of the temperature structure lend support
i to the hypothesis that there is a change in the turbulent regime
. over vertical scales of order 100 meters, The deeper unatable
layers have theae dimensions and in the atratosphere the
unstable luyera are frequently capped with a very sharp
Inversion, "«

'\; 1

These remarks are very strongly In accord with the model proposded here and
with the conclusion that large amounts of mixing take place in K«H events in the
atmosphere. The step-like structure discussed by Wooda and Wney3 has alsn been
geen in the stratosphere,

1 Still further support to the idea of large mixing in an "insulated layer' will be
‘ found in the radar observations of Browning and w:atkms22 and Atlas et al, 2 1
both cases a double layer of high reflectivity remained for a long time after the
- onset of turbulence, This can be considered ay evidence for a strong inversion at

) =‘)*‘ the top and bottom of a layer that has undergone complete "insuluted" mixing in its
i interior. The layers would then represent the edgea of a region of nearly adlabatic .
i lapse rate.

é 8. CONCLUSION f

A model has been proposed for estimating the degree of mixing due to K-11
turbulence events in the stratosphere. It was shown that this model indicates that

‘Recall that complete mixing would yiéld adiabatlic lapse rates,
M(:omplete mixin'g would give stcep gradients or inversions on both boundaries of
the mixing layer,

| 21, Mantis, I, 'T., und Pepin, 'T.J, (1871) Vertical temperature structure of the
frec utmospheve ut mesoscale, J. Geoghs. Res, 20:8621-8628,

22, HBrowning, K.A., and Watkins, C,D, (1970) Observations of clear air turbulance
by high power radar, Nature w:260~263.

23, Atlas, D., Metealf, J. 1., Richter, J.H,, and Gossard, E.E, (1070) The birth
of '"CAT' and microscole turbulence, J, Atmos, Sci. 27:003-013,
————— W
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Reference: Bottom p., 21
The value R, = 0,828 was obtained by using the initial values of u, and En of

STy

each n'! epoch, It could be objected that the resulling K, for each opoch in over-
entimated and that therorore the calculation overutimatel mixing, 1t is thus

o important to estimate . lower bound for K This can be done by replacing u, and
1’5 l by the lower bounds 3’“ and T 4 for edeh epoch, When this is carried out, the
ruumng critical Ri for total mixing is then 0, 689, Our conclusion therefore

E remains unaltered,

i;ﬂy::\)v“‘ ik, -
b large amounts of mixing will take place within the layer and that it {s irreversible ;
; due to molecular diffusion, This conclusion wis compared to laboratory and
’ environmental measurements, and the latter were found to give further support to
i the theoretical prediction of large mixing.
f‘ ’ In conclusion| Eq. (3) for K, must now be considered invalid and in its place .
Be\ ! Eq. (1) should be used to estimate K. in the stratosphere (and probably also in the "
he ) ocean). K_ im, of course, the overall vertical eddy diffusion coefficient for small
g(’q o scale turbulence. ¢ This conclusion casts doubt upon the previovs estimate of Lilly 'ﬁ
; ! ot al® of Kg ™~ 0. 01 mzlu. because he used Eq. (2) to perform his calculations. '
5
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Appendix A
Program for Model (HP-28)
1 RCL 3 28  x«< F
2 RCL! 21 o'r 47 ]
3 4 28
4 STOO (store Atp) 20 s'ro 2 (atore 8 )
8 7, 30 RCL1
6 x 31 x ]
T X 32 STO 3 (store K,) _
8 RCL 3 33 ch. .
8 X 34 b
. 10 3, 38 s'r0+ 8 (store I K/ at ! ..
11 38 RCL
13 cﬁs 37 PAUSE (show b ;
13 38 RCL4 ;
14 RCL 4 39 PAUSE (show Sp) )
15 X 40 RCL !
16 STO 4 (store Sy) 41 PAUSE (show n) H
17T RCL 42 1 |
18 . 43 STO + 68 (increment h) 1
19 1 4 aTot !
0 8 45 1
1 x 46 4
32 STO 1 (store Up) 47 STO a3 (b= A) i
23 RCL 4 48 GTO 30
4 49 |
33 1 }.;
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REGISTERS




